The basic elements of the geometric approach to a consistent quantization formalism are summarized, with reference to the methods of the old quantum mechanics and the induced representations theory of Lie groups. A possible relationship between quantization and discretization of the configuration space is briefly discussed.
Introduction
The notion of quantization has appeared at the beginning of the last century in the theory of heat radiation, when M. Planck has formulated the hypothesis of the energy quanta 1 : ǫ = hν, h = 6.626 × 10 −34 J·s [1] . The existence of h was considered in statistical mechanics as evidence for a granular structure of the 2n-dimensional phase-space, composed of elementary cells ("quantum states") of volume h n . For the hydrogen atom, this structure was provided by the quantization rules of the old quantum mechanics. Relativistic effects have also been included, as a correction to Balmer's formula, due to the variation of mass with velocity, was introduced by Bohr [2] , and the relativistic Kepler problem (the rosette orbit) was quantized by Sommerfeld, applying integrality constraints to the action invariants [3] .
In the algebraic (Dirac) approach to quantum mechanics, the observables are represented by elements of the set F (M) of the smooth real functions over the classical (momentum) phase space (M, ω), M = T * Q, (Q = R 3 ), with ω the globally defined symplectic form. As F (M) becomes a Lie algebra with respect to the Poisson bracket {·, ·}, {f, g} = ω(X f , X g ) = −L X f g, f, g ∈ F (M), (X f is the vector field determined by i X f ω = df , and L X denotes the Lie derivative with respect to X), the full quantization of Q was defined as a R-linear map f →f from F (M) to a set A(H) of symmetric operators on the Hilbert space H, with the following properties [4] : 1. the mapˆ: F (M) → A(H) is injective. 2. [f ,ĝ] = ihˆ{f, g}, f, g ∈ F (M). 3.1 = I, for f = 1, constant on M, and I the identity operator on H. 4.q k ,p k , k = 1, 2, 3 act irreducibly on H.
It is presumed that onceˆand H are found, the stationary states of the quantum system are the eigenstates of the Hamilton operator, and the scalar product in H has the statistical interpretation of probability amplitude.
In classical nonrelativistic statistical mechanics, the many-particle systems can be described by a time-dependent distribution function f ≥ 0 defined on the one-particle phase-space M, evolving according to the FokkerPlanck equation. Worth noting is that at zero temperature, both classical and quantum dynamics appear within two distinct classes of "functional coherent states" for the classical Liouville equation [5] . These are solutions associated with "action waves" n [S] , respectively "quantum waves" ψ = √ n exp(iS/h), expressed in terms of only two functions of coordinates and time: the localization probability density in the coordinate space n(q, t), and the local "momentum potential" S(q, t). Moreover, these classes of solutions are related, as the action distributions turn into quantum distributions (Wigner functions) when the Fourier transformf(q, k, t) of f is defined restricting Q to a set of discrete points, with coordinates along the i-axis separated by a k-dependent minimum distance 2 ℓ i =hk i (or ℓ i = hν i , withν i = k i /2π the "momentum frequencies"), i = 1, 2, 3. However, by contrast to the action distributions, the f-coherence of the Wigner distributions (the preservation in time of the functional dependence of f on ψ, and not of ψ on q) is maintained only by polynomial potentials of degree at most 2. This limitation appears also in the canonical quantization, as the van Hove theorem [4, 7] states the incompatibility between the conditions 1,2,3,4. Thus, it is possible to fulfill the first three conditions, obtaining a "prequantization", but then the algebra C 0 ≡ {(q k , p k ), k = 1, 3} is represented with infinite multiplicity. Also, if only the last three conditions are retained, then the mapˆshould be restricted to some subalgebra C ⊂ F (M), containing C 0 .
This work 3 presents, following [9] as main reference, the geometrical framework in which the "action" and the "quantum" phase-space distributions are defined. The concepts applied to the prequantization of Hamiltonian dynamical systems are recalled in Section 2. The reduction of the prequantum Hilbert space H ≃ L 2 (M, ω n ), to the quantum Hilbert space H P ≃ L 2 (Q), is considered in Section 3. Some aspects of a possible relationship between quantization and discretization of the configuration space are discussed in Section 4.
2 The prequantization
Equivalence classes for line bundles
Let M be a C ∞ differentiable manifold, separable and connected. A line bundle on M is a vector bundle
The projection map π is smooth, and ∀p ∈ M, L p = π −1 (p) (the fiber in p) is a one-dimensional vector space over C.
On L, as manifold, we can introduce local coordinates. Let U = {U i }, i ∈ I, be an open covering of M, and s i : U i → L smooth non-vanishing sections, so that the map
Let Γ L be the system of the smooth sections s : M → L. For the local system (U i , s i ) any s ∈ Γ L can be written on U i as s = ψ i s i , where ψ i is a complex function on U i (ψ i ∈ F c (U i )). The collection {ψ i } i∈I represents the local coordinates of s.
On U i ∩U j the local system defines by the relation s i = c ij s j the transition functions c ij ∈ F c (U i ∩ U j ). These functions should satisfy the relationships
If these functions are expressed in the form c ij = exp(iq ij /h), (h = h/2π = 1/2π, as we take h = 1), we can see that the new functions q ij provide a constant with integer values, denoted a ijk ,
on any intersection j . Using this result it can be proved [9] that there exists a one-to-one mapping κ :
Line bundles with connection
Let χ c (M) be the Lie algebra of complex fields on M, and L a line bun-
If (U i , s i ) i∈I is a local system for L, then ∇ is completely specified by its action on the sections {s i } i∈I ,
The condition (3) implies α i (Φξ) = Φα i (ξ), so that the collection of functions {α i (ξ) , i ∈ I, ξ ∈ χ c (M)} defines a family of 1-forms {α i } i∈I , associated to the connection ∇.
and conversly, any family of 1-forms with this property specifies uniquely a connection ∇. Such a family arises by the pull-back of an unique
4 Ω k (X) denotes the set of k-forms on the manifold X.
and τ
is an equivalence iff Φ is a complex constant on M. Moreover, the family of 1-forms {α i } i∈I , associated to the connection ∇ determines an unique 2-form ω on M, such that
Because
ω is called the curvature form of the connexion ∇. If nondegenerate, ω provides a symplectic structure on M.
Line bundles with connection and Hermitian structure
A Hermitian structure on L is a function H : L × L → C with the properties:
For any curve γ on M, {γ t , t ∈ (a, b)}, the covariant derivative defines a linear isomorphism
The Hermitian form H ≡ ( * , * ) is called ∇-invariant if the parallel transport leaves invariant the inner product on fiber,
or
When
whereᾱ i is the complex conjugate of α i . Thus, α i −ᾱ i is a real 1-form, exact on U i , while the curvature form
dR (M, R) be the de Rahm cohomology class of ω. In general, the isomorphism between H 2 dR (M, R) and H 2 (M, R) associates to a real, closed two-form ω on M, expressed locally as
However, if ω is the curvature of a connexion ∇ on a line bundle L with ∇-invariant Hermitian structure, then a ω ijk is an integer, and ω determines an integral cohomology class in H 2 (M, R). Conversly, the problem is to what extent a closed, real 2-form ω, satisfying an integrality condition, determines a Hermitian line bundle with connection on M. If ω is integral, then in general a ω ijk are not integers, but we can find real constants
This result allows one to define a line bundle L on M with the transition functions
with α i , α j real, there exists on L a connection ∇ defined by the family of 1-forms {α i , i ∈ I}, and a ∇-invariant Hermitian structure. In this formulation, the 1-forms α i are defined by ω up to a total differ-
. In specifying this equivalence class there is still an arbitrary due to the way of choosing the constants x ij . Thus, the integrality condition allows one to replace x ij by new real constants x ′ ij = x ij + y ij , where y ij + y jk + y ki ∈ Z, and y ij = −y ji . The line bundle L ′ , specified by the transition functions
is equivalent to L only if y ij has the form y ij = c i − c j . Because y ij + y jk + y ki = 0, y ij does not specify a cocycle in C 1 (M, R), but in the exponential it determines a cocycle in C 1 (M, T ). The bundles L ′ and L are equivalent only if this cocycle is coboundary, so that the set of equivalence classes of the Hermitian line bundles whose connection has the same curvature form ω is parameterized by H 1 (M, T ). This set of equivalence classes is denoted by L c (M, ω), and the result presented above states the isomorphism
. In this case, the Weil integrality condition 6 states that if ω is any real, closed 2-form on M, then:
The BWS condition
Let (N, ω) be a reducible presymplectic manifold, and (M ′ , ω ′ ), with M ′ = N/K, the reduced space. Here K is a smooth distribution on N, with the tangent space
where θ is a global 1-form so that ω = dθ, and γ is any closed curve contained in a leaf of K. If N is simply connected, then (12) is also necessary [14] .
For the proof we take a contractible covering U = {U i , i ∈ I} of M ′ , so that ∀i ∈ I there exists a section Σ i in K over U i and a diffeomorphism ρ i : U i → Σ i . If m 1 , m 2 ∈ U i ∩ U j are two points joined by the curve ξ, then ρ i (ξ) is a curve in Σ i , and ρ j (ξ) is a curve in Σ j . Moreover, ρ i (m 1 ) and ρ j (m 1 ) can be joined by a curve γ 1 in the leaf of K through m 1 , respectively ρ i (m 2 ) and ρ j (m 2 ) can be joined by a curve γ 2 in the leaf of K through m 2 . Let S be the surface bounded by ρ i (ξ), ρ j (ξ), γ 1 , γ 2 , so that π(S) = ξ. Because S ∈ Ker(ω),
The functions f ij = −f ji on U i ∩ U j = {∅} are defined by integration along an arbitrary curve contained in the leaf of K over m,
θ .
Thus, f ij + f jk + f ik ∈ Z as an integral (12) of the 1-form θ along a closed curve in the leaf of K through m, proving that the class [
When N = h −1 (E) ⊂ M is the constant energy surface of a classical system on (M, ω) with Hamiltonian h, then (12) is similar to the BohrWilson-Sommerfeld (BWS) condition from the old quantum mechanics.
The prequantum Hilbert space and the operators associated to the observables
Let (M, ω) be a quantizable classical phase-space, in the sense that [ω] ∈ H 2 (M, R) is integral. In this case, on M we may define a Hermitian line bundle with connection (L, α). The natural volume element on M is ǫ ω = ω n = dp 1 ∧ ... ∧ dp n ∧ dq 1 ∧ ... ∧ dq n .
If ( * , * ) denotes the ∇-invariant Hermitian form on L, the prequantum Hilbert space H is defined as the space of all sections s ∈ Γ L (M) for which
exists and is finite. The inner product in H is
Let e(L) be the Lie algebra of the C * -invariant, real fields on L. By the existence of the connexion form α and the projection π * : T L → T M, there exists also a mapδ :
which associates to ∀η ∈ e(L) a function Φ ∈ F c (M) and a vector ξ ∈ χ(M) such that
and any ξ ∈ χ(M) determines uniquely a fieldξ ∈ e(L),ξ x ∈ Ker(α x ), ∀x ∈ L, by [9] 
Proposition. e(L) is parameterized by F c (M)×χ(M), such that ∀Φ ∈ F c (M) and ∀ξ ∈ χ(M),
Proof. Let us denote by
and
With the identity
The elements of the algebra e(L) act on functions on L, but we can find also a representation of e(L) in the space of the sections Γ L . Thus, we can define a map˜:
With respect to a local system {(U i , s i ), i ∈ I} on L, the elements of Γ L are represented by functions ψ i : U i → C, determined by
For this local trivialization, the operatorη (Φ,ξ) = ∇ ξ + 2πiΦ determines an
The tangent fields to L which preserve the connection and the Hermitian structure form a subalgebra in e(L), denoted e(L, α). It can be proved that if
This shows that
, and that the mapping
called map of prequantiztion, is an isomorphism of Lie algebras.
The results indicate that we can obtain a representation of the Lie algebra of the observables, F (M), in the prequantum Hilbert space H. In this representation each function Φ has an associated operator
on Γ L , or on the space of the local representatives ψ i of the sections,
Thus, defining the local operator associated with the observable f aŝ
one obtains a map which satisfies the conditions 1,2,3 stated in the Section 1, discussed in detail in [8] .
The prequantization of the classical dynamical systems
The classical dynamical systems on the phase-space (M, ω) are subgroups of D(M), the group of diffeomorphisms on M. The symplectic diffeomorphisms form a subgroup denoted D(M, ω), of diffeomorphisms which act by canonical transformations, 
In general, if G is a group acting on (M, ω) by canonical transformations, there are operatorsĝ : H → H which define a projective representation of G in H,
If
whereρ η (t) is the group of one-parameter diffeomorphisms on L generated by η (h,X h ) ∈ e(L, α).
is globally integrable on L * iff X h is globally integrable on M, and the diagram
To obtain explicitly the operatorρ t , we can write (27) in local coordinates. Let {(U i , s i ), i ∈ I} be a local system, and the diffeomorphism
The functionss(x) ≡ s(πx)/x on L associated to the sections s ∈ Γ L (U i ) are represented locally by functionss
Also, the connection form α and the fields η (Φ,ξ) have the local expressions
The current of η ♭ determines the time-evolution of the functionss ♭ i by the equation ds
This provides the time-evolution of the coordinate z and of the point p in terms of the local expression, denotedρ
of the currrentρ η (t). The operatorρ(t) defines an operatorÛ t acting on the complex functions
Explicitly, this is obtained from (27) in local form,
where the action ofρ ♭ η ♭ is given by (31),
The result (Û
agrees with the expression derived in the previous subsection for the local operatorΦ
Applications to elementary systems: the case of the group SU(2)
Let G be a simply connected Lie group with the Lie algebra g, and g * the dual of g. For f ∈ g * one can define on G a right (R g ) -invariant 1-form θ f , and a closed 2-form ω f = dθ f ,
The distribution K f determined by the kernel of ω f on G has as tangent space at the identity e T e K f = {x ∈ g / f([x, y]) = 0 ∀y ∈ g} , namely the algebra g f of the stability group G f of f with respect to the coadjoint action of G. Thus, the leaf of K f through e is the connected
(the BWS condition) with γ ⊂ (G f ) 0 . Thus, one can define
where the integral can be taken along any curve in (G f ) 0 , which joins e to h.
independently of the integration path, from the BWS condition, while
from the R g -invariance of θ f , one obtains
so that χ f is a character for (G f ) 0 . If h = e tx , with x ∈ g f , then
from the R g -invariance, so that f appears as an infinitesimal character in the sense that
Conversly, the condition to integrate the infinitesimal character f to a character of (G f ) 0 , independently of the path, leads to the BWS condition. Let us consider
The algebra g of G consists of matrices
with (a 1 , a 2 , a 3 ) ≡ a ∈ R 3 . The right (left) -invariant vector fields Y a (Z a ) generated by a ∈ g are
and the right-invariant 1-form θ f associated to f ∈ g * is
where c.c. is the complex conjugate of the previous term. In particular, for
, t ∈ R} ⊂ G , and
Because h t ∈ G f is generated by elements x a ∈ g, a = (−2, 0, 0),
This character allows one to define a line bundle L ′ on M ′ = G/G f by factorizing the trivial bundle G × C with respect to the equivalence relation
The sections in Γ L ′ are represented by functions ψ : G → C (sections in G × C) which satisfy the global relation
or locally
Thus, the sections of Γ L ′ are represented in the coordinates (z i ,z i ) by functions ψ : S 3 → C which satisfy
The equivalence relation "∼" is well defined, and M ′ is quantizable if
The points of the phase-space M ′ correspond to equivalence classes in G defined by
Let pr :
of G on M ′ can be defined by the projection on M ′ of the action to the right of G on G (because the equivalence necessary for projection is obtained by the action to the left), and M ′ becomes a homogeneous phase-space for G. Locally, the action of G on M ′ arises by the projection of the left-invariant fields, −Z a , on T M ′ , pr * (−Z a ) = X a , and because the algebra g is semisimple, there exists a lift λ of this action such that the diagram
To get the time-evolution of the sections from the line bundle L ′ , associated with the dynamical system generated on M ′ by the Hamiltonian h a , we project on L ′ the trajectory determined in G × C by the dynamical system generated by the Hamiltonian θ f (Z a ).
The trajectory on G × C is given by (35) in which
and the projection on Γ L ′ is obtained by imposing to the function ψ the condition (46),
The result indicates that the prequantization of the phase space (M ′ , ω ′ ) is equivalent to the derivation of the representations of the group G induced by the character χ f of the subgroup G f [16] . In general these representations are not irreducible (do not provide a quantization for (M ′ , ω ′ )), but imposing the condition as ψ to be holomorphic, we obtain irreducible representations. Thus, the holomorphy condition, by introducing a complex polarization, represents a way of restricting the prequantum Hilbert space.
The technique of the induced representations was successfully used to quantize the relativistic free particle 9 , or the liquid drop. In both cases the classical configuration space is the orbit of a group H in a linear space V , and the quantization consists in finding induced representations for the semidirect product G = V × H. In the first case H = O(3, 1) is the Lorentz group, V = R 3,1 is the Minkowsky space, and G is the Poincaré group, while in the second case [18] H = SL(3), V = R 4 , and G = CM(3).
3 Elements of quantization
Complex polarizations
A complex polarization of the 2n-dimensional manifold (M, ω) is a complex distribution P having the following properties:
iii) P is integrable, in the sense that ∀m ∈ M there exists a collection of functions {z k ∈ F c (M), k = 1, n}, such that {X z k , k = 1, n} generate P m .
Let us introduce the notation
The set F c (U, P, 1) consists of functions having the property that generate currents which preserve the polarization,
When f is real, the current generated by X f preserves both P and ω. The polarization P is called admisible if on a neighborhood of any m ∈ M, there exists a symplectic potential β, which is adapted to P in the sense that
The polarization P is of Kähler type if P m ∩P m = {0} and T m M = P m +P m . In the Kähler case ∀X ∈ T m M can be written as X = Z +Z, with Z ∈ P m , and T m M carries a complex structure,
This structure is compatible with the symplectic form ω, in the sense that ω(JX, JY ) = ω(X, Y ). Let (M, ω, J) be a Kähler manifold (Appendix 1, [7] ), and {z k , k = 1, n} local complex coordinates such that
On M can be introduced two polarizations: the holomorphic polarization P generated at any point by the vectors {∂ z k , k = 1, n}, and the antiholomorphic polarizationP generated by {∂z k , k = 1, n}. Thus, ∀U ⊂ M,
Phase-space quantization for Kähler polarizations
Let (M, ω) be a symplectic manifold, and {q k , p k , k = 1, n} the local canonical coordinates for ω (ω = n k=1 dq k ∧ dp k ). Let P be a Kähler polarization on M locally generated by the vectors
The complex potential adapted to P is
and ω = dβ. If (M, ω) is quantizable, there exists a Hermitian line bundle with connexion (L, α) on M, with Γ L (M) the sections space, and associated prequantum Hilbert space H. We can further define the space of the polarized sections,
and the quantum Hilbert space
is well defined because the local integrability condition
because ω(X,Ȳ ) = 0. The Hilbert space H P is not invariant to the action of any operator associated with a classical observable, and one should specify which classical observables provide operators on H P . If f ∈ F (M), then
and the conditionfH P ⊂ H P yields
However, because
the condition (56) is equivalent to L X f P = 0. Thus, an observable f determines an operator on H P if f ∈ F c (M, P, 1), or equivalently, if the polarization remains invariant to the current generated by f . Let s be a section for which s * α = β, and r the unit section in Γ L (U) for which r * α = n k=1 q k dp k , Then, s = e ϕ r, with ϕ specified (up to an additive constant ϕ 0 ) by
Thus, with respect to the local system specified by the section s, the elements of the space H P are sections of the form {ψ p s p , p ∈ U ⊂ M}, where ψ p are holomorphic functions of {z k , k = 1, n}, and the inner product (13) is given by
This Hilbert space coincides with the space introduced by Fock (1928) and Bargmann (1961) . Though, its domain of applicability remains limited because the only observables quantizable in H P are polynomials in coordinates and momenta of degree at most 2. For the harmonic oscillator the classical Hamiltonian is h = Ω|z| 2 , and
The operatorĥ in H associated with h,
becomesĥ P = Ωz∂ z /2π when restricted to H P . Its eigenvalues are nΩ/2π, (nhΩ,h = 1/2π), n = 0, 1, 2, ..., showing that this approach yields the same result, physically incomplete, as the old quantum mechanics.
Real polarizations and asymptotic solutions
A real polarization of the symplectic manifold (M, ω) is a foliation of M by Lagrangian submanifolds. If M = T * Q, and ω is the canonical 2-form, then the vertical foliation P is a real polarization, and the leaves of P are the surfaces q k =constant.
Let P be a real polarization of the symplectic manifold (M, ω). Then, on a neighborhood of ∀m ∈ M one can find canonical coordinates (x, y) ≡ (x k , y k ) k=1,n such that the leaves of P coincide locally with the surfaces x = constant or y = constant. The canonical coordinates having this property are called "adapted to P ". Let Λ ⊂ M be a Lagrangian submanifold and U ⊂ M such that ω| U = dθ. Because ω| Λ = 0 then also dθ| Λ = 0, and locally there exists a function ℘ on Λ, called "local phase function", ℘ : Λ → R, so that θ| Λ = −d℘.
If M = T * Q, then Λ is transversal to the vertical polarization P if the restriction to Λ of the projection Λ ⊂ M π ↓ Q is a diffeomorphism. In this case π(Λ) = W ⊂ Q, and S ∈ F (W ), π * S = ℘, is called "generating function of the first kind" of Λ. Moreover, Λ ∩ T * Q determines a 1-form on W with the local coordinates (p i , q j ) ≡ ( ∂S ∂q i , q j ) .
Thus, a foliation of the phase-space M = T * Q by Lagrangian submanifolds corresponds to a family of generating functions S(q, y), y ≡ {y k , k = 1, n}, parameterized by the variables y. This type of foliation appears naturally in classical mechanics by the Hamilton-Jacobi equation, h(∂ k S, q k ) = constant , which represents the condition h| Λ S = constant for the Lagrangian submanifold Λ S of T * Q generated by S. Proposition. Let Λ ⊂ M be a connected Lagrangian submanifold of the phase-space (M, ω) and f ∈ F (M). Then f is a constant on Λ iff X f is tangent to Λ.
If we denote x ≡ {x k = ∂S/∂y k , k = 1, n}, then (x, y) is a local coordinate system on T * Q adapted to the polarization Λ S determined by S(q, y). In this system h is a function only of y, and the equations of motion arė
To quantize a classical system described by the Hamiltonian h is convenient to find a Hilbert space H Λ S associated to the polarization determined by the solution S of the Hamilton-Jacobi equation. Because in this case the local ("momentum") variables y are independent of time, it is natural to select the sections from Γ L (M, Λ S ) using the condition ∇ X t = 0, where X is tangent to Λ S and t ∈ Γ L (M). Let s be a section in Γ L (M) such that s * α| U i = −dS , and t = ψs an arbitrary element in Γ L (M, Λ S ). The equation
has the solution ln ψ − 2πiS = f (y), where f is an arbitrary function of y, or ψ(q, y) = a(y)e 2πiS(q,y) .
The sections from Γ L (M, Λ S ) can be transferred to the space Γ L (M, P ), where P is the vertical polarization associated to the Schrödinger representation. The function obtained [14] Ψ(q) = A(q)e 
can be interpreted as asymptotic solution of the Schrödinger equation in the WKB [19] approximation.
